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LETTER TO THE EDITOR

On the conformal covariant energy—-momentum tensor
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of Modern Physics, Lanzhou University, Lanzhou, China
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Abstract. In a conformal symmetric theory we propose a conformal covariant energy-—
momentum tensor, in terms of which other conformal currents are expressed.

When Noether’s theorem is applied to a Lagrangian from which the field equation is
covariant under the conformal transformations, it leads to canonical currents such as
energy-momentum tensor T, angular momentum tensor J,,,,, dilatation tensor D},
and special conformal tensor K (Mack and Salam 1969). The special conformal
tensor, however, is not formally conserved (Ferrara et al 1973). In order to get rid of
this defect, one can re-define the canonical currents in a symmetric form by adding a
complete divergence term which does not change the corresponding global conserved
quantites obtained by integration over three-dimensional space (Wess 1960, Gross and
Wess 1970). Although this symmetrisation technique for the canonical currents is
acceptable, we feel this method is somewhat artificial. We shall here approach this
problem in a different way, We propose a conformal covariant energy-momentum
tensor, and show how the difficulty with the use of Noether’s theorem can be avoided.

The conformal group is a 15-parameter group which includes the following trans-
formations:

(i) Inhomogeneous Lorentz transformations

xn=ALx, +a, (1)

(ii) dilatation transformations

Xy =0Xy )
(iii) special conformal transformations
Xl =0, +cx)/Q Q=1+2cx+c’x* (3)
where
et =gt gt =(+4, o).

These transformations satisfy the identity
ax;,_ axﬁ, “w 1/2 A
— ——g"" =|det(dx'/ax 7 4
ot aro 8 = ldet(@x/6x)[" g 4)
so that the matrix

A (x)=|det(dx'/ax)|"* ax../ax” (5)
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is a Lorentz matrix. If a set of fields ¢.(x) belongs to a linear representation of the
Lorentz group
bo(x)=D5(A)ds(x) (6)
then the representation of the conformal group is provided by (Isham et al 1970)
L (x") =|det(ax’/ax)*DE(A(x)) b5 (x) ™
where A(x) is given by equation (5), and I, is the conformal weight of the field
lp=-1 for the scalar and vector field
ly=-3 for the spinor field.
For the special conformal transformal transformations, it gives
DE(A(x)) =g +(c*x” —x*c")}a ®)

where I%,, is defined by the transformation properties of the field ¢, (x). For scalars,
I%,. =0; for vectors, I, = g..85 — 8..8"5; and for spinors, I%,., =i[v,, v, 1.
By using Noether’s theorem, we can obtain the canonical currents

T = g — miduba 9)
Jomn =03 T —x, T + i radbs (10)
Dy =x"Tmilsba (11)
K, =x"T5, —2x,x" T + 78 lexyda —2x 15 .bg) (12)

o = 0L/00" .

The canonical energy-momentum tensor T, from which the other canonical currents
are composed is not conformal covariant. This is unnatural in a conformal symmetric
theory. What we want to do now is to construct a conformal covariant energy—
momentum tensor 6, by adding to T';,, some extra Poincaré covariant terms. Since 6,,,
is Poincaré covariant, and for the dilatation transformations the proof of covariance is
trivial, we restrict ourselves to the case of the special conformal transformations.

The scalar field
Let us begin with the simplest case of massless scalar field. The Lagrangian is
£=—10,65"¢ (13)
we then have
T =~ 38u0r83"¢ +0,83,¢. (14)

Now we suppose the conformal covariant energy-momentum tensor can be written in
the following general form

6 = T + 080" (0 3,0) + b3, (P3.0) (15)

where the constants are determined in such a way that 6,, is a conformal covariant
tensor under the special conformal transformations. It is easy to find the unique
solution, namely @ = —-b = % Hence we have

Buv = TS +30° (80 0,0 — Gouh D) (16)
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and

B = QDL (A (X)) 010 (x) (17)
where

DII(A(x)=ghgs +2(cx* - x,.cM)gl+ 285 (c,x” —x,c). (18)
Furthermore, we can verify that 6,, has the properties

0., =0.. k=0 36,, =0. (19)

Here we noted that the conformal covariant tensor for scalar field, equation (16), is
identical to the improved energy momentum tensor proposed by Cailan et al (1970).
Let us now redefine the other conformal currents in terms of 6, as follows

Juw\ = on;LV _xvew\ (20)
D, =x"6,, 21)
K., =x%0,,—2x,x"6,,. (22)

They have now very simple expressions, and all of them are conserved due to equation
(19). The conformal currents of equations (16) and (20)-(22) differ from the original
canonical currents of equations (9)-(12) only by terms which do not contribute to the
charges.

Juw\ = Jfa.uA + %ap [x)\ (guu¢ 8p¢ - gpv¢ ap-qs) + Xy (gpA¢a#¢ - gﬂ-A¢ ap¢)

+ %(gu.Agvp - gungp)¢ 2] (23)
D, =D +30° (%, , — X, 9,b) (24)
K=K, +30°[x(8uh 350 — 800 8.d) + 2%, (X, 0, —~ X, 8,6)

+ (Xu8up = Xo8uu) S 1+ Gurd (25)
so that

P, = J d’x 6o, = j d*x TS, (26)

Jp,v = J d3x JOu.V = J d3x J::)uv (27)

D= I &xDo= I d’x D} (28)

K, = j d’x Ko, = j &’x K5, (29)
The vector field

The free electromagnetic Lagrangian is

£ =—iF, F*, (30)
By the same method as in the scalar field case, the conformal convariant energy
momentum tensor of the electromagnetic field can be found to be

6., =TS, +3°(F,.A,) (31)
TS, = —48uFnF** ~F,,0,A". (32)
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Here 4,.. is not only conformal covariant but also gauge independent (Eriksen and
Leinass 1980). From the definition of equations (20)-(22), we have

Jun =T o +° (0 Fpu A, — x,F,.A») (33)

D, =D{ +6°(x"F,,A,) (34)

K. =K., +&(x’F,.A, -2x,x"F, A,). (35)
The spinor field
For the massless Dirac field, the Lagrangian can be written as

£ =—37.0"0 + 308 y.u (36)
the conformal energy-momentum tensor has the form

Ouv =T +3°B,y, (37)
where

T = 5(Yu 0,0 — §0,vu) (38)
and

B = 8V Yol — 0vov.vuth). (39)

The currents associated with the Lorentz rotations, dilatations, and special con-
formal transformations are expressed respectively as

Jy.w\ = JZVA + ap (x/\Bpu.u - qupy.)\) (40)
D, =D +5°(x"B,,,) (41)
K., =K, +6°[(gh —2xvx")B,..\]. (42)

Equations (19) and (26)-(29) hold both for the vector and spinor fields, and all the
conformal currents are conserved.

In a conformal symmetric theory, it seems natural to introduce the conformal
covariant energy-momentum tensor, in terms of which the other conformal currents of
equations (20)-(22) can be expressed, so that they are all conserved formally. Both the
conformal currents and the canonical currents have the same charges. The conformal
currents associated with dilatation transformations and special conformal trans-
formations have particularly simple expressions compared with the original canonical
forms of equations (11) and (12). The conservation of these currents is directly related
to the tracelessness of the conformal energy-momentum tensor.

It is a pleasure to thank Professors A O Barut and A J Bracken for useful discussions.
Professor Barut also read the manuscript and made corrections.
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